A NOTE ON CONVERGENCE OF FOURIER SERIES

TRISTRAM DE PIRO

ABSTRACT. We make some observations on the uniform conver-
gence of Fourier series to symmetric and asymmetric functions.

Definition 0.1. Let C*(S') denote the smooth functions on [—1,1],
with endpoints identified. If f € C=(S1), we define fm € C>(S) by;

We say that f € C®(SY) is symmetric if f(x) = f(—x) for v €
St, with the convention that —1 = 1, and f is asymmetric if f(x) =

—f(=x) for x € S*.
Lemma 0.2. If f € C®(S"), then (f7)" = f. If g € C°(S"), then

g" =g, iff g i1s symmetric, and g" = —q iff g is asymmetric. Moreover,
4+ f"is symmetric and f — f" is asymmetric.

Proof. We have that (f7)7(a) = —(f")(=a) = —(~(f(~(~x)))) —
f(z), (*). We have that ¢" = ¢ iff g(x) = ¢"(z) = g(—=x). Similarly,

we have that " = —g iff g(z) = —g"(2) = —g(=x), (+x). (f +[7)" =
JrHr)y =+ by (). (f=f)" = "= (fr)r =fr=fr==0=f
(x%), again by (x). Hence, by (xx), f + f" is symmetric and f — f" is
asymmetric, as required. U

Lemma 0.3. f € C(SY), then f is symmetric iff f' is asymmetric,
moreover fPr(0) = fCrHU(1) = f@H)(_1) = 0, for n € Zsg, and
[ is asymmetric iff [’ is symmetric, moreover fQ”)( ) = f@I(1) =
f(Zn)( ].) = O, fO’f’ n e ZZO'

Suppose f is symmetric, then;

f/(l') —= limh%ow — lth Ow
= _limheow = —f'(~2).
Conversely, suppose f' is asymmetric, then, using the FTC;
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flx) = f(=1) = [, f'y)dy = [*, = (=y)dy = [ " = (x)(—dx)
= [ fl(x)de = — [1 f(x)de = —(f(1) — f(—x))

hence, f(x) = f(—x), as f(1) = f(—1). The second part is similar.
For the last part, we have, if f is symmetric, then the odd derivatives
2L for no€ Zsq are antisymmetric. Hence, f*"1(0) = — f2"1(0)
and frH1(1) = — f2"H(=1) = — f>"*1(1), therefore, f2+1(0) = f2+1(1)
= f2"Y(=1) = 0. The last part, for f asymmetric, is the same.

Lemma 0.4. Let f € C™(S') be symmetric, and let g € C=(S) be
antisymmetric, then the series;

> m>0 AmCoS(TITM)
where a,, = f f(x)cos(mam)dz, m > 1, ag = 3 f_ll f(x)dx
> s bmsin(rzm)

where b,, = fj1 g(x)sin(mram)dz, converge uniformly to f and g re-
spectively on S*.

Moreover, if h € C*(S'), then the series;

> oz Cmeos(mam) + > ) dysin(mrm)

where ¢y, f h(x)cos(mxm)dz, m > 1, ¢y = %fl h(z)dx and

f h(x)sin(razm)dz, m > 1, converge uniformly to h on S?.

Proof. By the result of [1], if h € C*(S'), we have that the series;

1 TTM
2 ZmGZ Cm€

where ¢, = f_ll h(x)e ™ dy

converges umformly to hon St If fis symmetrlc we have, for m >
1, ¢, = f f(x)cos(mam)dr = @, C f f(x)cos(—mam)dz =
Cm = Ay, Co = f71 d(z)dx = 2ay. Then;

=52 et Cm (€7 &7 fag = 37 <) acos(mam)
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If f is asymmetric, we have, form > 1, ¢,, = —1 f f(x)sin(rxm)dz =

— by, Cy = zf f(x)sin(rzm)dr = —c,, = ib,,. Then;

f = %ZMZI Cm<€7riacm _ e—m’xm) — Zm21(bm3in<ﬂ'$m>

as required for the first part. For the second part, if h € C>(S!),
then, using the Lemma 0.2, we have that;

h = (h+hr)‘;‘(h—h7") — hsym 4 pasym
with A%V = H% symmetric and % asymmetric. By the first part;
hevm =37 <o @mcos(mam)
where for m > 1;
Ay = f_ll h*¥™(x)cos(maxm)dx
= [*, h(z)cos(mzm)dz
as f_ll hesvm(x)cos(mam)dr = 0
and ag = %fjl hsv™(z)dx
1
=1/ hz)dz
as %f_ll hasym(z)dx = 0
hasvm = 3" 1 bmsin(mazm)
For m > 1;
by, = f_ll(x)hasym(:v)sin(wa:m)dx
= f_ll(x)h(m)sm(ﬂxm)dx
as [ (x)h*v™(x)sin(rzm)dz = 0

It follows that;
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h = hsym + hasym

=D s Ameos(mam) + > ) bysin(rrm)

and the series converge uniformly to h on S, by the first result.
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