AN APPLICATION OF FOURIER ANALYSIS TO
RIEMANN SUMS

TRISTRAM DE PIRO

ABSTRACT. We develop a method for calculating Riemann sums
using Fourier analysis.

1. POISSON SUMMATION FORMULA
Definition 1.1. If f € L'(R), we define;

(NMy) = [ f@)e ™ da

(N)Y(y) = [, fla)ermvdx
and, if g € L'([0,1]), m € Z, we define;

(9)"(m) = [y g(x)e "= d

Remarks 1.2. If f € S(R), we have that;
f@) = [Z (DM w)e*mvdy, (x € R)
and, if g € C*([0,1]), (*), the series;
Y omez(9) (m)e*riem
converges uniformly to g on [0,1]. See [4],]2] and [3].

Also observe that (f)Y = (f-)" and (f)" = (f-)".
Theorem 1.3. Let f € S(R), and let;

! By which we mean that g|(.1) € C(0,1), and there exist {gr € C[0,1] : k €
Z>0}, such that gxl1) = g™, and 9x(0) = gr(1).
1
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9(y) = > ez fly+m), (y €[0,1])

Then g € C*([0,1]) and the series
e (m)emom

converges uniformly to g on [0, 1].
In particular;

Yomez f(m) =3 cz(f)"(m)

Proof. Observe that, as f € S(R), for yo € [0,1], r € Z59, n > 2;

d?"
ZmEZ |d_yj:|yo+m|
Cr,n
< Dimez Wiigo bl
C’r,n
< ZmGZ (1+|m|™)

< Cr,n + 2Or,n Zle #

< Crp + 20,0 (1 + [T

=Crn(1+2(1+ ﬁ) < 5C,, (%)

T lw)

where C,.,, = SupwE'R(‘w‘nde

Suppose, inductively, that z%ﬁbo =D ez %Mﬁm, for yo € [0,1],
(%), then, using (), we have, for r > 1, that;

errl dr . . d'r+1 .

dyT+g1]| - %(Zmez #) - ZmEZ dyT—+fl

where f,,(x) = f(x +m), for m € Z. Moreover, for r > 0;
" fn d" fn

0= ZmEZ dgr 0= ZmEZ d;cr

It follows that g € C*°|0, 1]. Moreover, we have that, for n € Z;

d"g
dy”

_dyg
1 — dy’r'

1

drg . gy . 1,d" d’g
;7> e interpret Wb = lzmhﬁoﬁrﬁ(dy,‘ |n — o lo)

2Given
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= Jy 9(y)e >V da
= Jo (Coez Fly +m))e2mvmde
= ST ez £y + m))eitrtmingg
= 7 fly)e *mnde = (f)"(n)
Using Remark 1.2, the series;
> ez f(m)emm

converges uniformly to g on [0, 1] as required.

Lemma 1.4. If h € C*(R), and there exists C € R, with;
supzer(|z[*|h(2)], [z *[W (2)], [z[*|1" (z)]) < C
then the Inversion theorem holds for h. That is (h)" € L*(R) and;

fR 27rwcydy (l’ c R)

Proof. The result follows from inspection of the proof in [2], see Remark
0.4.
O

Lemma 1.5. If h satisfies the conditions of Lemma 1.4, and f = (h)Y,
then (f)" = h.

Proof. As h satisfies the conditions of Lemma 1.4, so does h_, and,
therefore, the inversion theorem holds for h_. Then,;

therefore;

((h_YM") = h. As f = hY = (h_)", we have that;
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Lemma 1.6. Let f be given by Lemma 1.5. Then, if there exists
D € R, with;

supaer(|2]*|h(2)], [z[*[W ()], [z |1 (2)]) < D

we have that f € C*(R), and, moreover, there exists a constant
F € R, such that,

supyer ([yPLf )]y PLE W)L 1P ()]) < F.

Proof. Letting E = ||h|(—1,1)||c[-1,1], we have that, for y € R, |z| > 1;
h@)emies] = h(z)] < B < B

|z[* = [«

[2mizh(z)e?mior| = 2nle]|h(z)| < 2B < 2B

| _ 47T2$2h($’)62mxy‘ — 47T2‘$’2‘h(:17)| S 47r22D < 471'22D

and, for y € R, |z| < 1;

|z *|h(z)e?™ Y| < |h(z)| < B

|z|?|2mixh(x)e*™ Y| < 2r|h(z)| < 27F

|z|?| — 4n?a?h(z)e?™™| < 47?|h(z)| < 47*E

Hence;

supzer{|z*|h(z)e* |, |z |*[2mizh(z)e*™ |, [x[*| — Aw?a®h(z)e*™ Y|}

< 47m?max(D, E)

and {h(x)e*™™® 2mrizh(z)e*™ ™Y, —4r?2*h(z)e*™ ™} C C(R). Tt fol-
lows that, for yy € R, we can differentiate under the integral sign, to
obtain that {f(vo), f'(vo), f"(v0)} are all defined. By the DCT, using
the fact that —4n?z2h(x) € L'(R), we obtain that f” € C'(R), hence,

f € C*(R). Differentiating by parts, using the fact that;

{h, W KW' xh,xh xh", *h, 2*h, 2*h"} C (LY(R) N Cy(R))
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by the hypotheses of Lemma 1.4 and this Lemma, we have that;
(h")Y = —Amy?*(h)Y = —4my’ f

(4mih’ + 2mizh”)Y = ((2mizh)")Y = —4ny?(2wizh)Y = —4ny? [/
(87%h + 16m2xh’ + 4?22 h")Y = ((4m2x*h)")Y

= —4my*(4m32x®h)Y = —4Any’f’, ()

We have, by (x), for |y| > 1, that;

(W)Y @) - gy _ 22+2E"
()] < 0l < Wiiagey 2

mih! +2mixh’ )V
/)| < it szmizit )

< [|(4mih/+-2mizh/)|| 1 (R)

- 4my?

< AWl gy ekl

2(22 42E")+ D+2E"
2y?

<

8m2h+16m2ah/ +4n2z2h")V
£ (y)| < et ) )

||(8m2h+-1672xh/ +4m2x2h'")
p)

HLl(’R)

- 4y

27r||h||L1(R)+47r||$h,||L1(R)+7r‘|952h"”Ll(R)
o2

<

2m(22 +2E)+4n(D+2E")+m(2D+2E")
2

<
- Y

where E' = ||W|—111||c(-1,1) and E” = ||R" |21 ql|ei=1,1
For |y| < 1, we have that;

1F )| < ||hllomy < 2+ E

|f' ()] < ||@mizh)||yr) < 27D +2E

[f"(W)| < || — 47*2?h||w) < 87°D + 2E

Hence, we can take F' = maz (872D +2E, 222 4 Ax E+ 87 E' 4+ 2 E")
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O

Definition 1.7. Let f be given by satisfying the conditions of Lemmas
1.5 and 1.6, we let;

9) =D mez fly+m), (y €[0,1])

Lemma 1.8. Let g be given by Definition 1.7, then g € C?[0,1].

Proof. Using Lemma 1.6 and Weierstrass’” M-test, we have that the se-
ries;

Yomez fy+m), Do o fly+m), > ez f(y+m)

are uniformly convergent on [0, 1]. It follows, that g € C?(0,1), and
clearly;

91 0) =2 ez /(M) = 3z f'(m +1) = " (1)

hence, g € C?[0,1].

Lemma 1.9. Let f € L'(R), such that;

9Y) = ez fly+m)

is defined, fory € [0,1]. Then, if g € C?0, 1], we have that the series
> mez(F)N(m)e*™™ converges uniformly to g on [0,1]. In particular;

Domez F(m) =2 ez()"(m)

Proof. Following through the calculation in Theorem 1.3, we have that
g € L*([0,1]), and (¢)"(m) = (f)"(m), for m € Z. Using the result of
[3] or [4], we obtain the second part, the final claim is clear.

U

Lemma 1.10. Let f be given by satisfying the conditions of Lemmas
1.5 and 1.6, with respect to h, then;

Domez J(m) =3 ez h(m)

Proof. Using Lemmas 1.5 and 1.6, we have that g € C?[0, 1], where g
is defined by 1.8, and (f)"(m) = h(m), for m € Z. By Lemmas 1.8
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and 1.9, we have that;

Yomez f(m) =2 cz(f)"(m)

Hence;

Yomez F(m) =3 ez h(m)

as required.

O
Lemma 1.11. If s € Z59, s even, then;
s+2
o 1 _ (=1)7F (2m)°B,
Dommtnr T e
Proof. The proof of this result can be found in [4]. O

Definition 1.12. If s € C, with Re(s) >4, and r € Z>;, we define;

Remarks 1.13. h,, is symmetric, that is hs,(x) = hs,(—x), for|z| >
r.

Lemma 1.14. There exists a polynomial ps, of degree 2r + 3 , with
the properties;

(). psr is symmetric, that is ps,(x) = ps,(—x), for v € R.
(i1). ps,(n) =%, for1 <n <r.

ns’

(iii). p&l(r) = B (r), (0< k < 2)

)

(iv). pE(=r) = B (=), (0< k< 2)

Proof. Welet, for 1 <7 <14nr, 1<k <,
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1 1 ... 1 .. 1
122 ... 22 22(r+1)
T _ 'i' B k% E2(r+1)
1 r ... 72 . p2(r+1)
0 2r ... ¥t L 2(r + 1)r? 1
0 2 ... 2j(25— 1)7"23_2 o 2(7" + 1)(27" + 1)7"2’"
1—8
2—8
_ k=S
bs,’/‘ =
,r.*S
_Sr_(1+s)

(s + 1)r=@+s)

We have that det(A,) # 0, hence, we can solve the equation A, (@) =
ber. Let ps,(z) = Z;Zé(as,r)(jJrl)ij. We have, by construction, that

Dsr(—2) = ps,(z), and pgkr)(r) = hg"i?*(r) As both p,, and h,, are

symmetric, we also have that, pgkg(r) = hg’fg’f(—r), as required.

O
Definition 1.15. We define;
9sr(@) = hop(z), (if [2] = 1)

9s.r(2) = psr(x), (if || <7)
Lemma 1.16. We have that gs, € C*(R), gs, is symmetric, and,
moreover, the hypotheses of Lemmas 1.4 and 1.6 hold for g .
Proof. The fact that gs, € C*(R) follows immediately from Conditions
(74i) and (iv) of Lemma 1.14. The symmetry condition is a consequence
of Condition (7). If x > r, we have that;

|9sr ()| < |2~ R |27 < =

Hence, as g, is symmetric, |gs,(x)| < |z|™, for |z| > r.
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If || < r;
|G ()] = s (@)] < 7242 30050 (@) 4y | < 7242/ 42| [, |

It follows that supxen(|x|4|gsr(:€)|) < maz(1, 7?5/ r +2||a.,.||).

Similarly, as g, (r) = 7, g4 (v) = 83(;121), |z| > r, then, if |x| > r, we

have that;

1950 (@)] < |sll2|°

|95, ()] < [s]ls — 1] |2]~°

and, if |z| < r;

1960 ()] = [Pl (@)] < P05 125(@) g l) < 20+ 1P P2V 2], |

g2 ()] = [pl(a)] < 2230000 120(25 — 1) (@) gon)|) < (2r+2)(2r+
1)r?+2y/r + 2||a|

so that;
supzer (|2]°|g) . (2)]) < max(|s|, 2(r + 1)r*+7/r +2|[a]|)

supger (|2[°lg¢,(2)]) < max(|s||s—1], (2r+2)(2r+1)r* 5/ + 2[|a,|)
(%)

It follows that Lemmas 1.4 and 1.6 holds for g,,, with C' = D =
mazx(|s||s — 1], (2r + 2)(2r + 1)r*T8/r + 2||a]|.

Definition 1.17. We let f,,(y) = [ gs,(x)e*™¥dz.
Ropn = Yoez,, ([ Seda)
Rsr2 =3 nez, ()7 e da)
Rs, = Rspq + Rsr2

Ps,r,l = Znez?éo(for ps,r(x)GQﬂ-inxdx)
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Ps,r,Q = Znez¢0(f0r DPs,r ($)672mnmd1‘)

Ps,r = Isp1 + Ps,r,2

Lemma 1.18. We have that f,, is symmetric, and fs, satisfies the
conclusions of Lemmas 1.5 and 1.6. Moreover;

fs,r(o) + Ps,r + Rs,r - ps,r<0) +2 Z'ZO:I #

Proof. The second part follows immediately from Definition 1.17, and
Lemmas 1.16, 1.5 and 1.6. It follows that f,, € L'(R), and;

for(=y) = [ gsr(@)e > ¥ dx
= fR gs,r(—l')e%myda:

= fR gs,r(ﬁfi)e%imyd:c

= for(y)

Hence, f, is symmetric. By Lemma 1.10 , we have that;

Znez fs,r(n) = Znez gs,r(n)

As both f;, and gs, are symmetric, using Definition 1.15 and prop-
erty (i) of Lemma 1.14, we obtain;

fsr(0) + Py + Ry
= fsr(0) + Znez;m fsr(n)
= gs+(0) +2(2252, gs.r(n))

= ps,r(o) + 2(21(;0:1 #)

Lemma 1.19. We have that;

IR,.| < 2|s|?
STl = 3(Re(s)+1)rRe(s)+1
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Ps,r :ps,r<o)+ps,7"< )+221 1p37" )_2f0TpS7T(x)dx

Proof. We have that;

. fe'e) eQwinm
RSJ’J — Znez# 2mn7~3 + ZnEZ;ﬁo 2min fr s+l dx

. _s S(S+1) o0 627rina:
- Znez¢0 rs+1(2min)2 + Zn62¢0 (2min)? fr xs5+2 dx

= 4rs+17r2 Zn 1 n2 + D
S 7T2 D

=gtz + Usrt

_ s

— 19ps+1 + -Ds,'r,l

where;

_|s(s+D)|Cs,r1

|Dsm,1| < %Z 12

1
nEZ4o n2

© 1
and Cs,r,l S fr Wdl’

- f xRe( )+2

_ 1
T (Re(s)+1)rRe(s)+1

It follows that;

|s] |s(s+1)]
|RS r 1| 127 Re(s)+1 + 12(R€(S)+1)TR€(S)+1

Is|(Re(s)+1) + s(s+1)|
— 12(Re(s)+1)rRe(s)+1 12(Re(s)+1)rie(s)+1

— [sl(Re(s)+1)+[s(s+1)|
12(Re(s)+1)rRe(s)+1

2ls(s+1)
— 12(Re(s)+1)rRe(s)+1

Is?
< 3(Re(s)+1)rfte(s)+1

Els 2|s|?

11

Similarly, |Rsa| < 3 meeT, SO that |Rg,

Re(s)+1)r

We have that;

| < 3(Re(s)+1)rie(s)+1-
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Py = Znezﬂ(ﬂ ps.r(x)e*m e dy
=Y ez (X0 S per(@)erminada)
= Y ez, i pop(@)emneda))
= 0 (Cez [ Do + 1)@ )
=35 (Zne;,zﬂ(fo1 Psr(z + 1)e*™ e dr))
= 2100 (Cnez,, (0h,)Y (n))

= Y150 (e (0,)V () = [y i da), ()

31f f € (C[0,1] N C?(0,1)), and there exist {a+],a_ 10 <j <2} CC, with

limg_or f9(z) = a4 ; and lim,_;- f9(z) = a_;, (1), for 0 < j < 2, then a
classical result in the theory of Fourier series, says that

limy oo ZT]LV}N(f)W(n)eQWW = f(z) (x € (0,1))
Moo oy () (n) = Emoti=e

We give a simple proof of this result. First observe that there exists a polynomial
p € Clz], with deg(p) = 5, such that p)(0) = 0 and pU)(1) = a_ — ayj, for
0 < j < 2. This follows from the fact that we can find ¢ C C3, such that M.c=a,
where @(j) =a— ;_1 — a4 j_1, for 1 < j <3, and;

11 1
M=|3 4 5
6 12 20

as det(M) # 0, and, setting p(z) = ZZ:O crr®tk. We have that p+ f € C%(Sh),
in which case the result follows from [3]. Hence, it is sufficient to verify the result
for the powers {z* : 0 < k < 5}. We have that, for k > 1, n € Z;

1 _ .
fo xke Qﬂznmdx

k_—2mina 1 .
z'e 1 k k—1_—2minz
[ —2min ]0 + 2min fO z € dx

—_1 4 k716727rina:d1.

2min

2min JO

1 _ .
fo xke 27rzn;cdl.
7271‘2’!1:6
(Zl 1 (k= l+1)'(27rzn)l +f0 dzx

. k k!
= _(Zl:l m)
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r—1 sr(1)+ s,T ) 1
= 2.1=0 (I+ —Jo pé,rdm)

= S0t (Rer(EDAPar () fol Psr(x 4+ 1)dx)

- =0 2
- S, T S, T l l
= Yo (el @ () de)

= IM _I._ Zl 1 pST’ ) — fOTpS,T(:L‘)dl‘
Similarly:;

Psr2 - IM + Zl 1 psr ) - forps,r(x)dx
so that;

Ps,r = Ps,r,l + PS,T,Q

MmN oo Yo (@F)(n)

_ k!

- k+1 QZZ 1 Zn 1 (k—1+1)!(27in)t
Case k = 1, we obtain Sy, = 3

k=2 S =1+22(X2 1)

k=3, 5
k=4, 5= % + %(Zle #) - 12(537%1(2;0:1 7714)

k=5 8r=5+ 230000 m2) — F2 (0l )

Using Lemma 1.11, we have that;

Zoo 1 77T[cot(7rz)z](2)|o _ —m.—4mn _ w2

n=1 n2 — 2.2! - 6.22 T 6

Zoo 1 77r[cot(7rz)z](4)|g _ —m.—487% _ xt
n=1nt — 2.4! - 90.2.4! 90

1,22y _1,1_1
52_3+ w2(6)_3+6_2

1
14237 _1_,1_1
53_4+426 =31t1=73

_1 24 72 224 7% 1
S4f5+47r26 167X 90 — 2
_ 1, 257x% __2607* _ 1
55_6+4w26 167290 — 2

13
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= ps,r(o) +ps,r( ) + 2 Zl 1 ps r -2 for ps,r(x)dx

Lemma 1.20. If Re(s) >4, r > 1, we have that;
L
— foo da: —I'_ pa 7 + %

Rsr

=G ety

Ifr > 2;

1 Bo:
= S (@) (Pl

Proof. The first claim is just a simple rearrangement of the claim in
Lemma 1.18, using Lemma 1.19. We have that;

)75 = e
r oz (s—1)rs—1

and p—s’;m = =, by property (ii) in Lemma 1.14.

Moreover;
O
=5 per(l)
= Y100 Yjo(@sr) il
= Y @) (10 1)
= T ) (P2

Bo r
= Y () (22

O

Remarks 1.21. Using Lemma 1.19, we have that lim,_.|Rs.| = 0,
hence, Lemma 1.20 reduces the calculation of > 7, ni to a calculation
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involving Bernoulli polynomials. Moreover, letting Ay, = > #, we
have that;

S <Al <[5 =

r |z r—1 |z%|

foo dx < |As,r| S foo dx

r gRe(s) — r—1 |x%|

_ 1 1
(Re(s)—1)rRe(®1 <|Asp| € 55773

Observing that;

|5‘2 < 1
3(Re(s)+1)rEe(s)+1 = (Re(s)—1)rRe(s)—1

ifr > s %, we have that the estimate Z;Zé (Es,r)jJrl(Bz;ﬁl(T) )+

W + 55 @mproves upon Z;ié(as,r)jﬂ(BZfil(r)), for sufficiently
large values of r. The coefficients (@s);, 1 < j < r+2 can be computed
using simple linear algebra. The computation of absolutely convergent
Riemann sums, and their differences, occurs in the evaluation of ((s),
for 0 < Re(s) < 1, it is well known that ((s) # 0, for Re(s) > 1.
It is hoped that the above method might lead to some progress in the
direction of solving the famous Riemann hypothesis, that, ((s) = 0 iff
Re(s) = 5 or s = —2w, for w € 2>y, see [1].
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