DE BROGLIE’S HYPOTHESIS AND THE WAVE
EQUATION

TRISTRAM DE PIRO

ABSTRACT.

Lemma 0.1. We have that,

% n _ nlr : .
f—% cos"(y)dy = T if n is even
[nT—l!]22n

fi cos"(y)dy = —=——, if n is odd

2

Proof. Let I, = f_%z cos"(y)dy, then for n > 2, we have that, using
2
integration by parts;

I = ffg cos"(y)dy

=500~ Deos2(y)sin? )y

=n—1Iho—(n—1)1,
so that, rearranging;

_ n—1
[n - n [7172

and, using the fact Iy = w, I} = 2, we have that, for n even;

n!
-[n = W’ﬂ'

and, for n odd;

[, = =2

n!
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Lemma 0.2. Letn € N, € > 0, and let Tn,e be defined by;
Yre(T) = %cos"(%), for x € [—€, €
Yn.e(z) =0, otherwise
Then vy, has the following properties;
(). Yne € C"HR).

(4). Yne > 0.

(144). [ ne(@)da = W, n even

—1
[n2 !}2277,—0—1

fR Yne(2)dx = “2———, n odd

(1) Yn.e is supported on [—¢, €.

T T

Proof. (ii) is clear as cos(y) > 0 for y € [, 7], (iv) is clear by the
definition of v, .. To prove (i), it is sufficient to show that;

cos™(Z£)™)(e) = cos™(Z£)™ (—e) =0

for 0 < m < n—1. We can prove this by induction on n, as for
n = 1, we have that;

cos(52)(€) = cos(5) = cos(57)(—¢€) = cos(—5) =0

and, if the inductive hypothesis holds for n € N/, then, for 1 <m <
n;

cos”“(g—f)(m)(e)

= —[Z 08" (52)sin(5E)) ()

- _“(’;‘:1)[ 21:_01 C,T_lcos”(g—f)(m_l_k)sm(g—f)(k)](e)

=0

and similarly;
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cos"TH(EE) ™) (—e) = 0

while, clearly;

cos" T (Z2)(€) = cos" T (5E)(—€) =0

To prove (iii), we have that, for n € N;
S Yne(x)da

=10 cos™(E)

=L % cos™(y)2dy, (y = %)

= 2 [, cos(y)dy

so that, using Lemma 0.1, for n even;

fR Yn.e(z)dr = %Wﬂ'

_ n!
= TP

and, for n odd;

1!]2271

S me(@)dz = 255

[ngl !]22n+1

7n!

Lemma 0.3. Let 0, (x) be defined by;

2n71[£!]2
One(z) = 2 —Yn.e, for n even

and by;

5n,e(x) = [(n%;;%vn,e; fOT’ n Odd

Then the properties (i), (ii), (iv) of Lemma 0.2 hold, with (iii) changed
to;
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(1) . [ ne(x)dz =1, neN
and, forn € N';
lime_00p,e =0

in the sense of distributions, where 0 is the Dirac delta function on

R.

Proof. The first claim is clear as we have just normalised ~, .. For the
remaining claim, let f € C°(R), and write;

f=r"+f

where;

fH(@) = flx), if f(z) 20

f1(z) = 0 otherwise

S~ (@) = f(x), if f(z) <0

f~(z) = 0 otherwise

Then, using properties (i7), (i77)’, (iv) of d,, and continuity of f;
min_e g frHmin_cgf~ < 0 (f) = f_ee (SM(QL’)]”JF(a:)dathf_e6 One(x)f~(x)dx
< max—e fH+mazi_cqf”

with;

limeomini_c g [T +min_cqf~ = limeomazi_cq f* +mazi_qf~
= f(0)

so that lime00,.(f) = f(0) = 0(f), as required.
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Lemma 0.4. We define the time derivative d, of the delta function §
to be;

L6(z — vt)
where v s the velocity, so that;
9, = —vd’

in the sense of distributions. Similarly, we define the time derivative
0pci Of the approzimations by;

%5%(:6 — vt)

so that, by the chain rule;
O ei(4) = =00, ()

Then;

lime 00, ., = 0

in the sense of distributions.
Moreover, for n even, n > 2;
Grcel) = gty 150 ()
and, for n odd, n > 3;

5§Let( )= M’ﬁ%% 1esm(2 )
In particularly, for n > 2;

Ones € CEA(R)

Proof. For the first claim, let f € C°(R), then, using integration by
parts, (iv) of Lemma 0.3;

5net :_Ufe ne d(L’



TRISTRAM DE PIRO

= —v([6;, (2) f — [ One(a) f'(w)dz)
:Uf 5716 f,()

so that, using the main result of Lemma 0.3;

lime—o6y, ¢4 (f)

= vlime o [, 0ne(x) f/(2)da
= vf'(0)

= —u3(/)

= 0;(f)

as required. For the second claim, we have that, for n even, n > 2;

Op.es(T) = =06, ()
gn— 1inn2
= X2 ()

2n71[gl]2

= —UTT(—RCOSH_I(%)Sin(%)%)

2n- 17"[”']2 s s
= UW( cos” 1(2—)8271(2—)>

2N 171-[”!]2

= T2en-1) In— 16(27)82'71(%)

and, for n odd, n > 3;

6;L€t( ) - _U(S;L,e(‘r)

n!
= —VqE=T) gt Yo (%)

— —v@%(—ncos”_l(%)sm(%)%)

nin (%cos” (zz “2)sin(ZE))

= UsqE )T

— %%@ Le(z)sin(5E)
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For the final claim, we have that, by the product rule, for 0 < m <
n—2;

(Vn-1e(@)sin(5E))™
m m—Fk . rax
= il mlne (sin(30)*
and use the fact that v,_1. € C?*(R) O

c

Lemma 0.5. Let D denote the 3-dimensional Dirac delta function.
Forn e N,e >0, let D, be defined by;

Dne(,Y,2) = 0n.e(2)0n,e(y)0n.c(2)
Then D, . has the following properties;
(i). D, € C"1(R?).
(13). Dy > 0.
(444). [rs Dne(@,y, 2)dzdydz = 1
3

(1v) Dy is supported on [—¢, €]°.

Moreover, forn € N, lime0Dyc = D in the sense of distributions,

We define the time derivative D; of the delta function D to be;
LD(z —vt)

where U s the velocity vector, so that;

Dl/f = —Ule - UgDy — U3Dz

in the sense of distributions. Similarly, we define the time derivative
D, ., of the approzimations by;

%Dn’e(f — ot)

so that, by the chain rule;
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D}, 1(T) = =01 Dy o(T) — va Dy e y(T) — 03D -(T)

= — 0105, (2)0n.c () On.e (2) —020n,e(2)0;,  (Y)On,e(2) =030n.c (£)0n,e(4)0], (2)

Then;

limesoDy, o = Dy, (%)

in the sense of distributions.

Finally, we have that;

2n71[%!]2

Dn,e(xa Y, Z) = ( n! )37n,e(x)/7n,e(y)’7n,e<z)7 f07” n even

and;

Dn,e($7 Y, Z) = ([(71%17;%)37n,e(x)7n,e(y)7n,e<z)y fOT n odd
We have that;

on—lp[n]2  on—1[n2 o (T
D;z,e,t: 26(n—i)! n!2 )2[1}1771—1,6(1‘)’7”,6(y)’ynﬁ(z)szn(%)

+V2Yn,e (x)Vn—l,5<y)7n,e(Z)3in(g_g) + UB'Yn,e(x)’Vn,e (y)')/n—l,e<z)3in(72r_§)]

for n even.
7r2n.n ™. N T
;L,E,t = 26[(%—1);]2271“ ( [("T—l)!];2n+1 )2[UI’Yn—l,e(x)/Yn,e(y>’7n,e(Z)Sln<i)

F09Yn,e () V-1, (U) Ve (2) ST (5L) + V3Vn,e () Ve (Y) Vn—1,e (2) 5110 (Z2))]
forn odd.

In particularly, D, ., € C27*(R?).

Proof. For the first claim, (i) follows from the fact that 6, € C"'(R)
and the fact that if i +j +k=n —1;

ai+j+an7e [ j k
Tragast (T, Y, 2) = 57(1,)6(17)5552(?4)57(1,2(2)
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(#7) is trivial from the corresponding property of the 6, .. (iii) follows
form Fubini’s theorem;

Jiealieqg Jicq Dnela,y, z)dadydz = [, 0ne(z)dz [, 1 0ne()dy [ 4 0ne(2)dz
and the corresponding property (iii) of 0, .. (iv) is again trivial from

the the corresponding property of 0, . The claim (x) is a consequence

of properties (i7), (4i7), (iv), see the proof above for the 1-dimensional

case. For the claim (xx), we have that, for f € C°(R?), using integra-
tion by parts and Tonelli’s theorem;

Do) = foa S o g [=018 ()80, (9)00(2) =260 ()0, (1)1 (2)
—V30,¢(T)0n,c (), (2)] fdxdyd=z

i S fe s [0180e@)00 ()80 () fo 4 0200 ()00 ()50 (),
0301, (2)30c ()8 ()] foddyd

so that, by the claim (%);

limeoDl (£) = 01£(0) + v2£,(0) + v5£.(0)

— (—D, — 0D, — 15D.)(f)

= Dy(f)

The first computational claim follows from Lemma 0.3 and the defi-
nition of D, .. For the second computational claim;

Dy, 4(T) = =010, ()00, ()0n,e(2) =0200,e()07,  (4) O, (2) =0300,c(2)0n.e (4) 0, (2)

so that, for n even;

on 1ﬂ_[n,]z 2n—1[n|]2

D, (@) = —oi [~ 5 (@) sin (BN [ Yy o (2)]

gn—1rn 2 on 17.r - on—1rny
~0o[(Z I Yy ()] B 1, () sin (B e (2)
2n—1[ﬂ]]2 on— 1[n|]2

2n- 171'["']2 . Tz
)’Yne(y)][—m% Le(2)sin(F)]

—u3[(= ) e (@)][(
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on— 171_[71']2 on— 1[n|]2

= V15 mo)! )2 Vn—1,e(2) Yo (Y)Vn,e (2) sin(EE)

on— 1ﬂ_[n,]2 on— 1[n|]2

oy B T R 2 () () e (2)sin (L)

on— 171'[”']2 on— 1[n|]2

“+v3 2¢(n—1)! ) Tn, e( )%,e(y)%_lﬁ(z)sm(g_f)

and, for n odd;

2nln

Dy,e4(T) = —v1] = gqmr) g Tn-1e(@) sin(5e )][(W)%e(@/)”(w
—0y [(W)%e( )] W% Le(y)sin(5L )][(W)%e( z)]

—03[(n17r—n'22n+1)7ne( )][(%er@)][ %% Le(2)sin(52)]
(%55 (%55 (=31

7r2n n ™.
! ([( !

=V 26[(n 1)[]22n+1 nT*l)!]QQn—Q—l )27n—1,6(x)7n76(y)7n76(Z)Sin(%)

7r2n n ™.
! ( [( !

tuag, [(B5T)]22n 1 nTA)!]zgn+1)2771,6(33)%171,6(:9)%1,6(Z)Sin(g_g)

7r2n n m™n.
! ( [( !

+U32 e 1)|]22n+1 anl)!]zQT&l )2771,6(«T)’yn,e(y>7nfl,e(Z)Sin(%)

The final claim follows as above, by repeated application of the prod-
uct rule, using the fact that v,_1, € C"%*(R) and v, € C*}(R) O

Definition 0.6. Forn > 4, we let p,, ¢ be the unique charge distribution
on R? X Rxq defined by the initial conditions {qDy.c, qD,, .}, satisfying
the wave equation with velocity ¢, *(p,.) = 0, on R x Rsq, where q
15 the total charge.

Lemma 0.7. For n > 6, we have that;
pne(x t) (271— ng zkct 4 B(E) —zkct) zEEdE
where;

A(R) = Hlogee) 4 T

7. F Dn,e ( D1/'L5 )
B<k) = (q2 ) qukc ‘

and F denotes the usual 3 dimensional Fourier transform;

Fl9) = [gs 9(@e*7dz
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for g € LY(R3).

Proof. We have that the existence of p, . is guaranteed by Kirchoft’s
formula, for n > 4, as the initial conditions D, . € C3(R* and D, _, €
C?(R*) for n > 4, see [1]. Using the fact that the initial conditions
{qDM,qD;,E’t} have compact support, p,.: has compact support as
a process, in particularly p, ., € L'(R?), for t > 0. Using Kirchoff’s
formula, see [1], we have that, for ¢ > 0;

Pue(@. 1) = 1 [sp (e CtaDn 1 (0) + D e(§) + DgDr o(7) - (¥

—7)]dS(y)

Then, we have that, using the substitution Z =35 — (h,0,0), dz = dy
and interchanging limits;

% = limy o7 (o JsB@+.0.0).00 D 1)+ D (§)+Dq Dy e (7)-
@ @+ (1, 0,0)dS@) — 1z fypio. [t D7) + aDnc(7) +
DqDnc(y) - (y — 7)]dS(y))
= lzmh—>0h(47r02t2 féB (T,ct) [ctqD,, . (¥ + (h,0,0)) + ¢Dn (7 + (h,0,0))
+DqDn,(F+(h, 0,0))s(F+(h, 0,0) = (@+(h, 0,0))IdS () — 177 Sz en[tA D . (7)
+qDne(Y) + DDy o(y) « (§ — T)]dS(7))
= i Jsn.en limn—or; (ctaDy,  (+(h, 0,0))—ctqDy, ,(§)) +Hlimnso3;(qDne (F+
(7,0,0)) = Dn.e(7))+limn—o7, (DgDue(F+(h, 0,0)) = DgDy e (7)) (7—
7)]dS (7)
= o Jsp.e 4D 10 (G)+4Dn e o(§) + DD e o(7)- (T —T)]dS (9)
so that, as the initial conditions {¢Dp., ¢D}, .} are in C2~'(R?) and

Ccr- 2(713) respectively, it follows that for ¢ > 0, p,.; € C?3(R?). In
particularly, for n > 6, p,.; € C3(R3?), (*). We have that;
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02pn,e
D2(pn,e,t) = v2(pn,e,t) - Ciz gtﬁ =0

so we can apply F to both sides and obtain, and differentiating un-
der the integral sign;

}—(VQ(pn,e,t))(E, t) — 1 P2F(pne)kt) _

c? ot?

AS pper € C2(R?), by (), we have, using integration by parts, that;
F(72(pnet)) (ks t) = =k F (pnee) (K, 1)
so that;

_ ; B
—k2F (pnet) (ko t) — C%W _0

and we can use Peano’s theorem to solve the ODE in time, to obtain;

Y

Fpnes)(k,t) = A(k)e*t + B(k)e ket
where, at t = 0;

A(k) + B(k) = F(qDn,)

and, taking the time derivative at t = 0;

ikcA(k) — ikeB(k) = F(qD!, )

n,e,t

Now we can solve the simultaneous equations to get the expressions
for {A(k), B(k)}, We have that F(¢D,,.) € C®(R?) as ¢D,, . has com-
pact support and similarly for F(¢D,, ;). Moreover, we have that,
using integration by parts, for k; # 0;

]:(an,e,:v) - Z.kl]:(an,e>

so that, for k # 0, using the fact that for n > 6, ¢D,,. € C2(R?),
qun,E,t € 04(R3>7

F((V2)2an,e) = k4.7:(an7€)

|F(gD,, )| < U aDnol
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<g

F((V ) anet) _k4‘F(anet)
F D! ..

|F(an5t)| |F((v?)2q n.e, )

(1)

Converting to polar coordinates, this proves that {F(¢Dy,c), F(¢D;, . ;) } C
1(R?). Now we can use the fact that, for k # 0;

IN
-

TV < 1FaDuol | 1FaDh.)
|[A(R)| < =5+ =g

B)| < Dl | F@Dico)
|B(k)| < =50 4+

the fact that {F(qDy.), F(¢D;,.,) € C>(R?), and (1), using polar

coordinates again, to prove that {A(k), B(k)} € L'(R?). Finally, for
t > 0;

[ F(pne)l = |A(k)e™ + B(ke |
< |A(K)| +[B(k)|

so that F(p,.) € L'(R?) for t > 0. It follows that we can apply the
inversion theorem in the last step.

O

Lemma 0.8. Let F be the 1-dimensional Fourier transform, then, for
neven, k€ R, k#%(5—7),0<j<n;

F(yme)(k) = =5 300 OF wa— = (1) 2 I sin(ek)]

CLTLd, fO’f’ 0 S jO S ny

F(Vn,e)(%(% - ]0)) = on— 1Cm

In particularly;

n!

lime—>0]:('7n,e) = m
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uniformly on compact subsets of R. For n even;

2n—1[ﬁy]2

F(ne) = =T (e

wn particularly;

lime_oF (0p) =1

uniformly on compact subsets of R. For n even;
F (07, 1) (k) = vk F (6n,e)

wn particularly;

lime 0 F (8, ) (k) = ivk

uniformly on compact subsets of R.

Proof. We have that, for k € R, n even, k # Z(§ — j), 0 < j < n, by
the definition of v, . and F;
Fme) =+ [°, cos”(%)e*ixkdx

iTXT -

— 1 f 626 +e 25 )nefiwkdm

7,7rz(n 7) _17“3] _

= o ) >0 Cje 2 ey

2¢ek
_ 1 N\ n e BT
T 2ne ijo ¢j f_e % dx

ime(n—2j— 2k )

_ 1 n nfe__ 2 e
T 2ne Zj:O Oj [ é—:(n—Qj—%) ]—e

i . 2ek
_ 1N m 1 ime(n=2- 7).
- 2_716 ZJZO C ’“T(n 2] QEk) [6 2e ]—6
_ 1 n n 1 n— 2]7M o n— 2‘77ﬁ
— 9n¢ Zj:O Cj %’(nfgj),ik [Z ( Z) ]
_ 1 n n 1 ‘n—2j5 ,—iek __ (__ - \n—27 iek
T 2ne Z:j=0 i I (n—2j)—ik [ € (—1) e
_ 1 n n 1 ‘n—27 —iek __ ;m—2j jick 9
T 2ne Zj:() Cj %(N—Qj)—ik [7’ € (4 € ], (n 2]) even
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= e Yo O b2 sin(eh)
= e Lo O gmzr -2 sin(ek)]
=~ > =0 CF =(n— 23) ol (—1) 2 sin(ek)]
= —ger > -0 Cj m[(—l)%_jsm(ek)]

We know that F(v,,) is continuous, so that, for fixed €, 0 < jo < n,
using L’Hopital’s rule;

.7:'(7”76)(%(% - JO)) = limkﬁ%(%—jo)f(fynﬁ)(k)
- _2’”‘;—1<Z? 0,57#70 Cn (Jo1 J)[(_l)%_jsm(ﬁ(% —jo))]
— 5 Cf 2 [(=1) 2 Pecos(n(§ — jo))]

— O (- )F o (-1)3 )

= on— 1Cn

In particular;

Fl1n.)(0) = 503

S—C

independently of e.

It follows that, for k& # 0, using L’Hopital’s rule;

lime—mf(’yn,e)(k) - lzme—>0 2n1 10 IkS”l(Ek)

1 n! g 1
on—T (%Tllme_m ECOS(EI{?)]{?

= lemﬁocos(ek‘)

n!

2n—1(%!)2

and clearly;
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10 F () (0) = 5t
by (x).
It follows that;

lime_oF (Vn,e) = W (pointwise convergence)

To obtain uniform convergence on compact subsets, note that;

Lsin(ek)

converges uniformly to 1 on compact subsets as, for |k| < K;

sin(ek) — 1| = |sin(ek) —ek]|

1
|§ lek|

_ lek+O((ek)?)—ek]
lek]
< Clek|?
< CelK?
and sin(ek)
converges uniformly to 0 on compact subsets as , for k| < K;
|sin(ek)| < |ek|
<eK

By Lemma 0.3, we have that, for n even;

277.71[%!]2

F(dn,f) = o f('Yn,E)

so that, by the previous claim in this lemma;

o 2n71[%!]2 n!

lime—ﬂ)]:(dn,e) = nl 2 (ZD2 1

on compact subsets of R. We have that, using integration by parts
and the definition of ¢/

n,e,t)
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F(0 ) (k) = F(=vd,, )

ne.t
= —v(—ik)F (0n,)

= WkF (On.c)

so that, by the previous claim;
lime_yoF (On,¢) = w0klime_oF (0p.c)
= wk

uniformly on compact subsets of R.

O

Lemma 0.9. Let F be the three dimensional Fourier transform, then;
F(Dne) = Fi(one) (k1) F1(0n.e) (k2) F1(dn.e) (ks)
where F1 is the 1-dimensional Fourier transform.
In particularly;
lime_0F(Dy,) =1
uniformly on compact subsets of R3.
F (D ) kv, ko, ks) = =01 F1(67, ) (k1) Fa (On.e) (h2) F1 (On.c) (s)
—02F1(On,e) (k1) F1(0,, ) (F2) F1(On.e) (K3) =03 F1 (O, ) (F1 ) F1(One) (K2) F1 (0, ) (Fs)
In particularly;
limeoF (D), ,)(k) =iv. k

uniformly on compact subsets of R3.

Proof. By Definition 0.5 and the theorem of Fubini;

F(Dne) ke, ko, ks) = F1(Onc) (k) F1(On,c) (k2) F (On,e) (k)
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where Fj is the 1-dimensional Fourier transform. In particular, as
the projections of a compact subset are compact, and using the result
of Lemma 0.8;

lime_0F (Dpe)(k) = 1.1.1
=1
uniformly on compact subsets of R?.

By definition 0.5 again and Fubini’s theorem;

F(Dy, e i) (k1 kay k) = =01 F1 (8, ) (k1) F1(0n.e) (k) Fi(On,e) (3)

09 F1(6ne) (k1) F1(6y, ) (k2) Fi(0n,e) (k3) =03 F1(6n.e) (k1) F1(On,c) (k) Fi (95, ) (K3)

so that, using the result of Lemma 0.8, integration by parts and the
previous observation;

limeﬁ\QF(DhE’t)(kl, kg, kg) = —'Ul(—Zkl)ll—Ug(—ZkQ)11—?)3(—2163)11

=ik
uniformly on compact subsets of R?.

0

Lemma 0.10. For the charge distribution p, . of Lemma 0.7, we have
that;

lz’me—mAn,e(E) = g + qzif

Bl

_ quk
2kc

lime—)() Bn,s (E) =

[\J IS

uniformly on compact subsets of R®\ {0}.

Proof. We have that, by Lemma 0.7 and the results of Lemma 0.9;

lime_ oA, (k) = limHO(f(ql;n,g) n F(q;l?]:c,e,t))

_q qiv.k
2 + 2ikc
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— ¢ 4 gk
2 + 2ke
. TN 1 ]:(an,e) ]:(an €, t)
lime0Bn (k) = lime_o( 2 2ike )
_q qi@.E
2 2ike
—q _ qf.E
2 2kc

uniformly on compact subsets of R?\ {0}.

O

Lemma 0.11. For n > 6, for k € Rso, we define the intensity
L, (T, t, k) at k to be;

Ine(x t, k‘ 27r fSk eiket + B(E)e—ikct)ez%.ids(%)
so that, by Lemma 0.7;
Pne (@, t) = [ I(T, t, k)dk

Then;

limeoln(sv,t, k) = (Qi)s(wsm(svk)cos(ctk) = sin(svk)sin(ctk)
+2% cos(svk)sin(ctk))

For the electron at time t moving a distance d, we obtain local max-
ima in the wave number when;

2kd = — Dtan(2kd)

where D =

c+v

is the frequency shift due to the Doppler effect, for an observer mov-
g at speed v.

Proof. By Lemma 0.10 and the definition of I, ., we have that;

lime_sol (57,1, k) (Qﬂ fs ethet + B, (k)e k)0 S (k)
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— (27qT)3 etkct fSk (% + g;k)ei@'de(E) 4 (27qr)3 e thet fSk (% _ %)eiSE'de(E),

(*)

_ Switching to polar coordinates, letting ¢ be the angle between v and
k € Sy, we have that;

fsk %ewﬁ% =1 Jo | esvheosO k2 sin(0)dfdg

— 7Tk}2 fﬂ' stkCOS(G)Sin(Q)dQ

= 7k? f_ll evkedu, (u = cos(f), du = —sin(6)do)

isvk
= Tk
— 7r_k2( isvk __ e—isvk)
isvk

= z’;’;k 2isin(svk)

2rksin(svk)
sv

and;

fSk Tk ’LS’U de =z f[) f7r vkcos (0 stkcos(e)k287;n(6)d9d¢

2kc —7 2kc

= &CkQ 077 eisvkc"s(e)cos(é’)sin(@)d@

= chkZ f_ll ueisvkudu7 (U — COS(@),CZU _ —SZTL(Q)CZQ)

2 tsvk 1 isvk

= = (e - o S dw)
2 tsvk —isvk isvk

— ﬂ'vck‘ (ezsv Z:;fk 18V - [(i;s:k;;]l_ )

= T (9cos(svk)) — C’W—k222isin(svk)

cisvk (isvk)
__ 2misin(svk)  2mikcos(svk)
s2vc cs

It follows from (%), that;

q ez‘kct(%rksin(svk) + 2misin(svk) 27rikcos(svk)>

(2m)3 sv s2ve cs

limeoln(sv,t, k) =
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—iket ¢ 2mksin(svk) 2misin(svk 2mikcos(svk
+(2;]r)3e zc( ( _ 4 )+ ( ))

SV s“vc CcS

= G (2E sin(svk)2cos(ket)+2 2mi? = sin(svk)2sin(kct)— 2% cos(svk)2isin(ket))

= (27qT)3 (%Sm(svk)cos(k;ct)

()

The electron wave propagates at speed ¢, so we are interested in the
case when |s7| = ct, so that s = <. Making this substitution in (), we
obtain that;

= sin(svk)sin(kct)+2 cos(svk)sin(kct))

32'00

limeoln (20,1, k) = (25)3(ﬂsm(kct)cos(kct) B8 sin®(kct)+222 cos(ket) sin(kct))

= (er)g([47rk + 18] sin(ket)cos(ket) — 2% sin®(kct))

— (21)3([27% + %]sm(%ct) — 2}3%(1—%(2’%1?)))

- (27qr)3 ([Z2F + 2 sin(2kct) + 255cos(2kct) — 255)

ct

We look for a local maximum in k, so that;

L limeolne (L0, t, k) = (L5 ([22E + 222 sin(2kct) + Zscos(2kct)

ct

= ks (24252 sin(2kct)+2ct[22E 42 cos (2kct) —2ct 255 sin(2kct ) )

ct ' c%t

Lo ([2 + 28 sin(2kct) + [dmk + 2] cos(2kct) — L sin(2kct))

ct c2t

I
s}
—
=
I
|

2] sin(2kct) + [4mk + 122 cos(2kct))

so that, rearranging;

k = —Dtan(2kct)

2W 27

where D = 4 (1+2t) - 201‘/6(;—1:-1;)
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Now use the fact that the distance at time ¢ is d = ct.
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